A semi-analytical approach to the elastic nonlinear stability analysis of rectangular plates is developed. Arbitrary boundary conditions and general out-of-plane and in-plane loads are considered. The geometrically nonlinear formulation for the elastic rectangular plate is derived using the thin plate theory with the nonlinear von Kármán strains and the variational multi-term extended Kantorovich method. Emphasis is placed on the effect of destabilizing loads and on the derivation of the solution methodologies required for tracking a highly nonlinear equilibrium path, namely: parameter continuation and arc-length continuation procedures. These procedures, which are commonly used for the solution of discretized structural systems governed by nonlinear algebraic equations, are augmented and generalized for the direct application to the PDE. The boundary value problem that results from the arc-length continuation scheme and consists of coupled differential, integral, and algebraic equations is re-formulated in a form that allows the use of standard numerical BVP solvers. The performance of the continuation procedures and the convergence of the multi-term extended Kantorovich method are examined through the solution of the two-dimensional Bratu-Gelfand benchmark problem. The applicability of the proposed approach to the tracking of the nonlinear equilibrium path in the post-buckling range is demonstrated through numerical examples of rectangular plates with various boundary conditions.
Introduction
Plates are widely used in a broad range of engineering applications and particularly in aeronautical, mechanical, marine, and civil engineering. Typically, the thickness dimension of the plate is much smaller than its planner dimensions yielding a ''thin-walled" type of structure. In cases the plate is subjected to in-plane loading, it exhibits a range of physical effects that are associated with the stability of the structure. The quantification of these effects and especially the quantification of the structural behavior of the plate under destabilizing in-plane loads are important for the reliable design and safe use of the structure. To achieve this, a geometrically nonlinear type of analysis along with adequate continuation procedures that allow tracking the equilibrium path and the structural response in the deep nonlinear range has to be adopted.
In general, closed-form exact solution for the nonlinear problem of rectangular plates does not exist. Alternatively, numerical methods, and mainly the finite element method, offer reasonable and widely accepted solutions. However, the verification of such methods, as well as the development of new numerical and computational methods, requires an analyt-0020-7683/$ -see front matter Ó 2008 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2008.06.022 ical or a semi-analytical basis. The analytical solutions also have an important role in the interpretation of the physical behavior of the plate structure. Finally, analytical or semi analytical solutions often provide an effective tool for the preliminary design of such structural components. In the light of that, the development of general semi-analytical methods for the nonlinear analysis of plates with arbitrary boundary and loading conditions defines an important challenge that has to be faced.
A comprehensive review of the solutions for the geometrically nonlinear analysis of plates was presented in monograph of Chia (1980) . The most common semi-analytical methods such as double Fourier series method, the Galerkin method, Rayleigh-Ritz method, and the perturbation method, were discussed. It was also shown that the applicability of each method depends on the type of the problem at hand, i.e. the selection of the method depends on the boundary conditions, the applied loads, the mechanical properties, and the geometry. A more universal semi-analytical approach to the nonlinear analysis of plates undergoing large deformations was proposed by Shufrin et al. (2008b) . The multi-term extended Kantorovich method (MTEKM), which was used previously for linear analysis of rectangular plates (e.g. Eisenberger and Shufrin, 2007; Shufrin et al., 2008a) , was extended to the geometrically nonlinear analysis of laminated composite plates with arbitrary boundary conditions under general out-of-plane loads. In this approach, the solution of the plate problem is assumed as sum of products of functions in one direction and functions in the other direction. Then, assuming the functions in the one direction the nonlinear partial differential equations of the plate problem is reduced to a system of nonlinear ordinary differential equations. The resulting one-dimensional solution serves as a starting point for an iterative procedure, in which the solution obtained in one direction is used as the assumed functions in the second direction. Due to the iterative procedure, the solution does not depend on the initial assumption, which may be poor and may not satisfy any of the boundary conditions. At the same time, the approach was limited to the nonlinear large deflection analysis of plates under out-of-plane loads only, and the destabilizing effect of the applied in-plane loads was not considered.
In general, due to ability of plates to resist load after buckling occurs, the nonlinear analysis of plates subjected to combined out-of-plane and destabilizing in-plane loads is essentially different from the nonlinear large deflection analysis of plates under out-of-plane loading only. In both cases, the nonlinear relation between the applied loads and the resulting response is described by the nonlinear equilibrium path. Yet, in the former case studied in Shufrin et al. (2008b) this path is monotonic with a monotonically increasing positive slope. On the other hand, under the influence of the destabilizing loads, the equilibrium path may have turning points and folds designating a snap-through, snap-back, and mode-jump types of behavior. The nature of these points requires different computational approaches for their detection and to advance the pertinent solution methods.
Several types of critical points along the highly nonlinear equilibrium path can be designated. A point along the equilibrium path where the tangent is normal to the load axis is referred to as a limit point. Such limit point describes a snapthrough behavior and it cannot be passed using a common load control continuation algorithm. A point where the slope of the equilibrium path is parallel to the load axis characterizes a snap-back behavior, which is an obstacle for the displacement controlled continuation scheme (e.g. Keller, 1977; Crisfield, 1997; Doedel, 2007) . A bifurcation point represents the branching of equilibrium curves, which are often referred to as stable and unstable equilibrium paths. Buckling of perfect plates is associated with the primary bifurcation points. At the same time, secondary bifurcation points may appear throughout post-buckling response of a plate. These remote bifurcations along with a sensitivity analysis of imperfect plates were deeply studied in Sophianopoulos (2007) . Conditions for existence of the secondary bifurcations were examined using a 2-degree of freedom simple model. The post-buckling bifurcation behavior of rectangular plates was also analyzed through the Catastrophe Theory approach. It was shown that the presence of an arbitrary imperfection causes the transformation of all critical points to limit point ones. Due to lack of direct (parameter) continuation methods passing such points, the full nonlinear stability analysis of plates has to be combined with an appropriate continuation scheme that will allow tracking of the nonlinear and non-monotonic paths. This demand, which was not addressed in Shufrin et al. (2008b) , designates a more complicated problem to be considered.
A number of semi-analytical and numerical methods were applied to the elastic nonlinear stability analysis of rectangular plates under combined out-of-plane and in-plane loads. Correspondingly, various procedures for the equilibrium path tracking were developed. Stein (1959) applied the perturbation technique along with a double Fourier series expansion to the solution of a simply supported compressed plate. The continuation in terms of a load parameter was achieved using direct iterations. Zhang et al. (2000) used a similar approach for the analysis of laminated shear deformable plates under compression. The finite strip method was used for the post-buckling analysis of laminated composite plates in Dawe and Wang (1998) , Lam and Zou (2000) , and Ovesy and GhannadPour (2006) . The resulting nonlinear algebraic equations were solved using the Newton-Raphson algorithm under displacement control in Dawe and Wang (1998) and Lam and Zou (2000) , and under load control in Ovesy and GhannadPour (2006) . The Galerkin method with a trigonometric series was used for the stability analysis of simply supported plates in Audoly et al. (2002) , Ilanko (2002) , and Chen and Yu (2006) . Load increments were applied in Audoly et al. (2002) for the analysis of bi-directionally compressed isotropic plates. The Newton-Raphson method under load control was used for the stability analysis of isotropic plates under uni-directional compression in Ilanko (2002) and laminated plates under bi-directionally compression in Chen and Yu (2006) . The modified Newton method was applied to trace the equilibrium path of a compressed rectangular plate with clamped edges in Chien et al. (2001) . The solution was obtained using Block Generalized Minimum Residual method (BGMRES). Levy's method was used for the stability analysis of isotropic plates in Everall and Hunt (1999) . The nonlinear equilibrium path was presented using the parametric space of ''Arnold tongues", which was adopted from nonlinear dynamic analysis. The Chebyshev polynomial discretization method was used for the stability analysis of shear deformable laminated plates in Shukla et al. (2005) . A load control pro-cedure with direct iterations was used for the continuation. The Rayleigh-Ritz kernel particle method for the post-buckling analysis of shear deformable laminated plates was presented in Liew et al. (2006) . In this case, the parameter continuation and the arc-length continuation procedures were used for the solution of the resulting nonlinear algebraic equations. The Rayleigh-Ritz method in conjunction with the perturbation technique was used for the local and global post-buckling analysis of stiffened rectangular plates in Byklum and Amdahl (2002) and Brubak and Hellesland (2007) . Taking advantage of this formulation, a mixed load-displacement control procedure was developed to allow the continuation through limit and turning points on the equilibrium path. Various types of continuation algorithms were developed based on the finite element method. The Newton-Raphson method (Tiwari and Hyer, 2002) , the classical arc-length continuation (Riks et al., 1996; Crisfield, 1997; Cerini and Falzon, 2005) , predictor-corrector procedures with a constraint of minimum distance between the predictor point and the equilibrium path (Lopez, 2001) , normal flow algorithms (Ragon et al., 2002) , and continuation based on a dynamic approach (Chen and Virgin, 2006) were proposed for tracking the equilibrium path.
In all the studies surveyed above, as well as in many others, the continuations methods were applied to a discretized (algebraic) system of equations. On the other hand, the application of the multi-term extended Kantorovich method (MTEKM) to the general nonlinear problem requires continuation procedures that can be directly applied to a system of partial differential equations. The development of such continuation methods is addressed here.
The objective of this paper is to extend the multi-term extended Kantorovich method (MTEKM) to the nonlinear analysis of rectangular plates with arbitrary boundary conditions subjected to a general combination of out-of-plate and in-plane loads including destabilizing ones. To achieve this goal, a parameter continuation and a pseudo-arc-length continuation procedures are developed. The classical thin plate theory with the nonlinear von Kármán strains is adopted for the nonlinear plate model. The emphasis is placed on the nonlinear analysis of plates with imperfections subjected to in-plane loads. The imperfection is initiated by the presence of the out-of-plane loads. The formulation of MTEKM is based on the variational principle of virtual work. The continuation schemes are then derived in terms of the unknown functions of two variables. For verification of the continuation procedures, the two-dimensional Bratu-Gelfand problem, which is a classical benchmark problem for continuation methods (Glowinski et al., 1985) , is solved first. The applicability of the method to the nonlinear stability analysis of plates is demonstrated through numerical examples of rectangular plates with various boundary conditions subjected to out-of-plane and in-plane loads.
Geometrically nonlinear analysis of rectangular plates

Variational formulation of the plate model
Consider a thin rectangular orthotropic plate of planer dimensions L x and L y and a constant thickness h. The plate has general out-of-plane and in-plane boundary conditions and it is subjected to a general distribution of out-of-plane and in-plane loads. The geometry of the plate and the sign convention for the coordinates and the external loads are shown in Fig. 1 . The xy plane coincides with the middle plane of the plate and the z-axis is measured upwards. In the subsequent derivations, bold letters denote a vector and () ,i denotes a partial derivative with respect to the coordinates i (i = x, y, z). The out-of-plane boundary conditions include three cases namely: simply supported (S), clamped (C), and free (F) edges. The four possible combinations of in-plane restraints are shown in Fig. 2 , and they are designated with a subscript that corresponds to the cases shown in Fig. 2 . For example, the symbol S 1 S 2 C 3 F 4 designates a plate with a simply supported (out of plane) edge and with the first type of in-plane restraints at x = 0, a simply supported edge with the second type of in-plane restrains at x = L x , a fully clamped edge at y = 0, and a fully free edge at y = L y . In case the in-plane displacements at the edge are not restrained, the plate can be subjected to a general distribution of external loads. A particular case is the free edge where the external load equals zero.
According (Chia, 1980) as follows:
The variational principle of virtual work requires that the first variation of the total potential energy vanishes
where U is the strain energy, V is the potential of the external loads, and P is the total potential energy of the plate. The first variation of the strain energy, dU is defined as follows: 
where P xxl , P xxr , P yyl , P yyr , P xyr , P xyl , P yxl , and P yxr are the distribution of external in-plane loads applied at the plate edges, q is the distribution of the out-of-plane load, and k i (i = 1,. . . 9) are scalars that define the magnitudes of the applied out-of-plane and in-plane loads (see Fig. 1 ). Note that the distribution functions are normalized to have a maximum value of 1. The first variation of the total energy of the plate, dP, is dP ¼
In the case of orthotropic plates, the constitutive relations read (Chia, 1980) :
where N xx , N yy , and N xy are normal and shear stress resultants, M xx , M yy , and M xy , are the bending and twisting moments, A ij , D ij (ij = 11, 12, 22, 66) are the membrane stiffnesses and bending stiffnesses of the orthotropic plate, respectively. Introducing the constitutive relations, Eqs. (7a)-(7f), along with the definitions of the membrane strains (e xx , e yy , c xy ) and curvatures (v xx , v yy , v xy ), Eqs. (2a)-(2f), into the first variation of the total energy, Eq. (6), yields a variational principle that is defined in terms of unknown displacements u o , v o , and w o . For brevity, this expression is not outlined here.
The multi-term extended Kantorovich method
The solution is assumed in the following form:
where u j , v j , and w j are functions of x only, U j , V j , and W j are functions of y only and N is the number of terms in the series. In the subsequent derivation, the repeated index notation is used for the summation over the space of functions in the assumed solution form, i.e. summation from 1 to N. In the extended Kantorovich method, the functions in the y-direction are first assumed as known. Thus, the variations du o , dv o , and dw o reduce to
It is assumed that the distribution of the external load is also represented as a sum of products of one-dimensional functions as follows:
This restriction is not major as the load function can also be approximated using this form of representation up to any desired accuracy. It should also be noted that the number of terms used in the series expansion of the load does not affect the number of terms in the representation of the unknowns. Therefore, it does not increase the required computations efforts. Integration of the variational statement with respect to y, integration by parts with respect to x, and application of the localization lemma of the variational calculus yield a system of nonlinear ordinary differential equations in terms of the unknown functions of u i , v i and w i . The nonlinear ordinary differential equations are defined as follows: 
whereû i ,v i ,ŵ i , andŵ i;n are prescribed values, j, m, n, k are summation (dummy) indexes, S are coefficients that are defined as integrals over the y-direction, and the roman superscripts label the order of the derivatives with respect to y. For example 
For a given set of load parameters k i , the system of equations (11a)- (11c) and the boundary conditions, Eqs. (12a)-(12d), define a nonlinear boundary value problem. Once the equations are solved for u i , v i , and w i (i = 1,. . ., N), the iterative procedure of the extended Kantorovich method starts. In this procedure, the solution obtained for one direction is used as the known functions for the solution in the second direction. These iterations are repeated until convergence is achieved. The criterion of the convergence, e, is defined by the relative integral difference between two successive steps as follows: , v
, w (n) denote the solution after (n À 1) -th and the n-th iterations, respectively.
Continuation procedures
In general, the nine load parameters, k i , require a multi-parameter continuation procedure for tracking of nonlinear equilibrium paths. For simplicity, the discussion is limited to a single parameter continuation only. In this case, only one of the parameters k i = k is controlled, whereas all other load parameters are kept constant. Alternatively, all nine parameters are proportional to the single load parameter k. In the following sections, two types of continuation procedures are developed, namely, the parameter continuation and the pseudo-arc-length continuation.
The parameter continuation procedure -the MTEKM application
The nonlinear response (path) of the plate under a single load factor (k) is described by a generalized set of nonlinear partial differential equations that can be written in the following general form:
Gðu o ðx; y; kÞ; kÞ ¼ 0;
where k is a scalar (load parameter), G is a nonlinear operator, and u o = {u o , v o , w o } is a vector of unknown functions. Note that in the subsequent derivations, the curly parenthesis designates a column vector.
In the parameter continuation procedure, the continuation along the equilibrium path is achieved in a series of increments. Each increment start from a known solution ðu ð0Þ o ; k ð0Þ Þ that satisfies Eq. (14). The increments are controlled through the parameter k. Thus, in each increment, k is specified and u o that corresponds to k (i.e. they jointly satisfy Eq. (14)) is solved for. Each incremental step consists of a predictor stage and a corrector stage. During the predictor stage, an assumption of the next solution point is made. In the corrector stage, this assumption is used as an ''initial guess" for the solution of Eq. (14). Since k is specified, the procedure discussed in Section 2 (and illustrated in Shufrin et al. (2008b) ) can be directly applied. On the other hand, the formulation of the predictor stage in conjunction with the MTEKM requires a special consideration. Let the solution of Eq. (14) corresponding to k (0) be u
o . Also, suppose that the direction vector of the equilibrium path at k (0) is known and it equals fu ð0Þ o;k ; 1g. Fig. 3 shows a graphical interpretation of the parameter continuation scheme in the vector space, which is used to illustrate the procedure discussed here in terms of functions. To find a solution at k = k (0) + Dk through the parameter continuation scheme, the initial assumption (predictor) is generated using a Taylor series expansion (see Crisfield (1997) and Doedel (2007) ). The expansion of the solution at the known generalized point ðu 
Note that the ordinary nonlinear differential operators consist both the nonlinear ordinary differential equations and the boundary conditions. For example, G x , consists of Eqs. (11a) 
Eqs. (20a) and (20b) describe two sets of linear ordinary equations with variable coefficients in terms of the unknown derivatives of the displacements with respect to k (u mi or U mi ) and corresponding boundary conditions. Each of these problems is solved for the unknowns ou mi /ok = u mi,k or oU mi /ok = U mi,k providing the functions requires for the assessment of the ''predictor", Eq. (19). Alternatively, these derivatives can be obtained using a finite difference approximation in the following form: 
The pseudo-arc-length continuation scheme -the MTEKM application
The parameter continuation procedure fails to pass through turning points on the equilibrium path. To overcome this obstacle, an arc-length continuation algorithm is required. Typically, arc-length continuation algorithms are applied to algebraic equations. In this section, the challenge of applying this concept directly to the partial differential equations under the MTEKM framework is faced. The Keller/Riks pseudo-arc-length method for the solution of nonlinear algebraic problem (Keller, 1977; Riks, 1979 ) is adopted for the geometrical interpretation of the continuation procedure and its augmentation into the functional space. The graphical illustration of Keller/Riks pseudo-arc-length continuation in the vector space is shown in Fig. 4 (this geometrical interpretation may be considered as the equilibrium path at a specific point (x, y)). In the pseudo-arclength continuation, the parameter k (or its increment Dk) is considered as an additional unknown. The additional equation is provided by the arc-length constraint, thus u o (a set of unknown functions) and k (an unknown scalar) are solved for simultaneously. The continuation procedure is then controlled by the incremental arc-length of the equilibrium path Dr.
Let (u 
;r g. In this case, the components of the direction vector of the equilibrium path are defined by derivatives with respects to its arc-length, r. The predictor stage for the next point of the pseudo-arc-length continuation procedure generates the following initial guess both for the unknowns u om and for the load factor k: u om ¼ ðu 
In the corrector stage of the procedure, the additional constraint in the functional space is given in the following integral form:
ðDu; DkÞ; u ð0Þ ;r ; k
where h*, *i is the inner product operator. The geometrical interpretation of the pseudo-arc-length constraint in the vector space is illustrated in Fig. 4 . Expanding of the set of functions in the inner product of Eq. (23) 
Then, after integration over the known functions, which are defined in the preceding solution point (designated with a superscript (0) ), the arc-length constraint of Eq. (24) 
Introducing the solution in the form of Eq. (16), and its derivative with respect to the parameter r, Eq. (25) 
In the extended Kantorovich method, the functions in the y-directions are first assumed as known. As a result, the integration with respect to y is performed explicitly yielding 
Eq. (28) defines an integral equation that is coupled with the set of governing nonlinear differential equations (11a)-(11c). Thus, the system of differential-integral equations includes unknown functions u mi (i = 1,. . . , N, m = 1,. . . , 3) and an unknown scalar, k. To allow a simultaneous solution for this unique system using standards techniques for nonlinear BVP (including solvers available in software packages such as MAPLE or MATLAB) the integral-differential system is converted into a system of differential equations. This is achieved by considering k as a function k(x) and by introducing an additional unknown function f(x), and two additional differential equations that read
and two additional boundary conditions that read
Thus, the augmented system of equations includes Eqs. (11a)- (11c), and (30a), (30b), the augmented set of unknown functions includes u mi (i = 1,. . . , N, m = 1,. . . , 3), k, and f, and the augmented boundary conditions include Eqs. (12a)- (12d) and (31a),(31b). Following the concept of the MTEKM, the same procedure is also applied in the y-directions and these iterations are repeated until a convergence is achieved. Upon convergence, the next direction vector is computed using the one-dimension operators of Eqs. (17a) and (17b) 
Note that each of these two ordinary BVPs is solved separately. The derivatives with respect to r read
The derivatives with respect to k (u mi,k , U mi,k ) are determined by solving Eqs. (20a) and (20b) 
Alternatively, the components for the next direction vector function can be estimated numerically using a finite difference approximation 
For tracking the next point on the equilibrium path, the new direction vector is normalized, such that
where k( * )k 2 denotes the Euclidean norm of the vector of unknown functions and it is defined in the functional space as 
In order to verify the solution technique developed above, the continuation procedures are first applied to a test problem. For that propose, the solution for the two-dimensional Bratu-Gelfand problem, which exhibits a limit point behavior and thus adopted in many cases as a benchmark problem (e.g. Glowinski et al., 1985) , is presented next.
The Bratu-Gelfand benchmark problem
Problem statement
The Bratu-Gelfand problem in a unit square is u o;xx þ u o;yy þ ke uo ¼ 0 on X : fx; y 2 0 6 x 6 1; 0 6 y 6 1g with u o ¼ 0 on oX
The variational statement corresponding to Eq. (39) is
Multi-term extended Kantorovich method solution
According to the MTEKM, the solution reads
Introducing Eq. (41) into the variational statement of Eq. (40), assuming the function of y as known first, integrating with respect to y, integrating by parts with respect to x, and applying of the localization lemma of the variational calculus yield a set of N nonlinear ordinary differential equations:
and 2N boundary conditions:
The integration of the exponential terms in Eq. (42a) is performed here using the extended Newton-Cotes formulae for numerical integration with equal space steps. Thus, Eq. (42a) is written as
where N p is the number of the integration points, a n is the weight coefficients at each point, b U in and b U jn are values of function U i and U j , respectively, at the n-th integration point and S 1 ,S 2 are coefficients that are defined as follows:
Eqs. (43) and (42b) define the ordinary differential operator G x , (Eq. (17a)). The second operator, G y , is obtained using the similar procedure where the functions of x are assumed as known.
The two additional equations result from the arc-length constraint and follow Eqs. (30a) and (30b). For the solution in the x direction (with the functions of y assumed known) they read
where s i are defined as follows:
j;r ; dy
The corresponding additional boundary conditions are given by Eqs. (31a) and (31b) with R defined in the following form: 
Numerical results and discussion
The results presented next are obtained using one to three terms in the series expansion. The solution of the resulting nonlinear BVP is achieved using the numerical BVP solver available in MATLAB. The components of the direction vector at each equilibrium point are obtained through the analytical approach (Eqs. (20) and (35)). Fig. 5 shows the solution path for the peak value of u o at the center of the unit square. The results are compared with the results of Glowinski et al. (1985) which are obtained using the least square formulation of the finite element method along with the classical pseudo-arclength continuation procedure. Good agreement between the results is observed along the whole solution path.
In order to study the convergence characteristics and the accuracy of the MTEKM solution in this case, the approximated solution at the limit point (k = 6.805) is introduced back into the strong form of the problem given by Eq. (39). A relative error surface of the approximation is defined in the following form:
Fig. 6 presents the relative error surface e(x,y), for one to three terms in the series expansion. It is seen that the singleterm formulation yields a relatively poor approximation. At the same time, the MTEKM converges rapidly. Although some errors still exist along the boundaries of the square, the three-term expansion provides a reasonable accuracy for the solution within the rectangular domain. The singular errors that arise at the corners of the square are attributed to the homogeneous boundary conditions of the problem. At the corners the terms u 0,xx and u 0,yy vanish but the exponential term in Eq. (39) attains the value of k. Thus, the localized relative error at the corners equal 1. This effect is inherent to this problem. The results presented above support the validation and demonstrate the applicability of the continuation approach developed here. Next, the MTEKM is applied to the nonlinear analysis of plates under combined out-of-plane and in-plane destabilizing loads.
Nonlinear stability of rectangular isotropic plates under combined out-of-plane and in-plane loads
The geometrically nonlinear response of rectangular isotropic plates under combined out-of-plane and in-plane loads is studied numerically. Since, emphasis is placed on the influence of the in-plane loads, the load factor k is attributed to the inplane loads only, whereas the out-of-plane loads are constant and prescribed. In this case, the out-of-plane load only serves to introduce a level of imperfection. The applied in-plane loads are normalized using the linear (primary bifurcation) buckling load of the perfect plate that is also calculated using MTEKM (Shufrin et al., 2008a) and it is designated as k cr . Additional points of bifurcation as well as the characterization of the equilibrium/bifurcation points with or without the symmetry breaking imperfection are not addressed here but considered for future research. Poisson's ratio is taken as 0.3 in all examples. In the continuation procedure, the components of the direction vector at each equilibrium point are obtained numerically using Eqs. (21) and (36a)-(36c). The deflections and out-of-plane loads are presented in a dimensionless form as follows:
First, the semi-analytical approach is applied to the nonlinear stability analysis of the rectangular aluminum plate under unidirectional compression that was experimentally studied by Stein (1959) . The theoretical model of Stein's post-buckling test consists of a rectangular plate that is simply supported along the longitudinal (unloaded) edges and clamped along the loaded ones. At the same time, all edges are restraint in the normal in-plane direction and they are free in the tangential in-plane direction. Using the notation of Section 2.1, these conditions are designated as C 4 C 2 S 2 S 2 . The aspect ratio of the plate is L x /L y = 5.38. The initial imperfection is given by a uniformly distributed out-of-plane load. The nonlinear load-end-shortening curve obtained analytically is compared with the experimental results in Fig. 7 . The analysis is carried out using a single-term expansion of the MTEKM. It is seen that the MTEKM solution is in the good agreement with the experimental data. The presented continuation procedure capture the first limit point (mode-jumping) at k/ k c = 0.9406, which is observed experimentally at k/k cr = 0.9532 (see Fig. 7 ), but then it fails to track the equilibrium path through the second limit point. In general, the differences between the analytical and the experimental results do not exceed 7%. Next, the influence of the out-of-plane load on the nonlinear stability of rectangular plates subjected to a destabilizing inplane load is studied. The nonlinear load-deflection paths for S 2 S 4 S 2 S 4 square plate subjected to bi-directional compression and to a uniformly distributed out-of-plane load is studied in Fig. 8 . The level of the dimensionless out-of-plane load (imperfection) varies from Q = 0.05 to Q = 5, which is equivalent to an initial geometrical imperfection with the peak central deflection ranging from 0.2% to 20% of the plate thickness. Following the convergence study that was presented in Shufrin et al. (2008b) , two terms in the series expansion are used to achieve reasonable accuracy in terms of displacements. The results reveal that the plate exhibits a similar behavior in the two cases of relatively small out-of-plane loads. Under moderate levels of compression (k/k cr > 1.1) the solution paths for Q = 0.5 and Q = 0.05 coincide. The nonlinear stability of rectangular plates with simply supported out-of-plane boundary conditions subjected to compression in their long direction is studied next. The plate and the two types of in-plane boundary conditions along the unloaded edges appear in Fig. 9 . The plate aspect ratio is L x /L y = 2.0 and dimensionless magnitude of the uniformly distributed out-of-plane load is Q = 0.5. The solution is obtained with two terms in the series expansion of the MTEKM. The non-dimensional load-deflection paths (compression versus out-of-plane deflection) for S 4 S 4 S 3 S 3 rectangular plates with fixed in-plane boundary conditions along the unloaded edges (case 1) are shown in Fig. 10 . It seen that in this case, the plate exhibits a highly nonlinear behavior and turning points appear along the equilibrium path (Points B and C). To study the behavior of the plate at these points, the contour plots of the out-of-plane deflection surface at point A (where k = k cr ) and at the turning points (B) and (C) are shown in Fig. 11 . These figures clearly show the change of the deflection modes along the equilibrium path.
The nonlinear equilibrium path of the S 4 S 2 S 2 S 2 rectangular plate subjected to compression in the long direction (case 2) is shown in Fig. 12 . The plate has sliding in-plane supports along the unloaded edges. In this case, a more complicated limit point type of behavior is observed. The presence of snap-through turning points (Points C and D) indicates the occurrence of mode jumping. In order to clarify this phenomenon, the contour maps of the deformation surface are plotted at points A to F of the equilibrium path in Fig. 13 . These figures show that the deflection pattern smoothly changes along the equilibrium path until the limit point D. The plate mode shifts from a two-wave mode to a three-wave one from point D to point F, which are both observed under the same level of load. Fig. 10 . Equilibrium paths (level of compression versus dimensionless deflections at points 1 and 2) for S 4 S 4 S 3 S 3 rectangular plate subjected to unidirectional compression and uniform out-of-plane load (case I). Equilibrium paths (level of compression versus dimensionless deflections at points 1 and 2) for S 4 S 2 S 2 S 2 rectangular plate subjected to unidirectional compression and a uniform out-of-plane load (case II).
All these examples evidently confirm the ability of the presented semi-analytical model to qualitatively and quantitatively predict the geometrically nonlinear behavior of plates subjected to destabilizing in-plane loads. The developed continuation procedures allow the tracking of the highly nonlinear equilibrium path which consists of limit points of various types.
Conclusions
A general semi-analytical solution for the elastic nonlinear stability analysis of rectangular plates with general boundary conditions and subjected to combined out-of-plane loads and in-plane loads has been developed. The continuation procedures for tracking the nonlinear equilibrium path of plates under destabilizing in-plane loads has been derived for the multi-term extended Kantorovich method. The pseudo-arc-length continuation scheme, which is commonly used for the solution of descretized structural systems governed by nonlinear algebraic equations, has been developed here for the space of functional unknowns. The boundary value problem that consists of the differential and integral equations has been reformulated in a form that allows the use of standard numerical solvers.
The applicability of the proposed method to the solution of general nonlinear boundary value problems with a parameter has been demonstrated through the solution of the Bratu-Gelfand benchmark problem. Numerical examples of the nonlinear stability analysis of plates subjected to in-plane loads have demonstrated the ability of the method to track a highly nonlinear solution path. The capability of the presented approach to capture the mode-shifting phenomenon for compressed plates has also been demonstrated and compared to experiments. The semi-analytical approach presented here, and its applicability to the solution of general nonlinear 2D boundary value problems, open the way to the analysis of many types of structural problems. In particular, it takes an important step toward the semi-analytical solution of 2D nonlinear boundary value problems that exhibit a limit point type of behavior.
